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Abstract
J.C. Dean has described a construction which produces knots having a small Seifert fibered
manifold Dehn surgery. We translate this construction to tangles, and show that a trivializable
tangle satisfies certain conditions if and only if the corresponding covering knot satisfies Dean’s
conditions. This can be used to show that all known examples of hyperbolic knots producing Seifert
fibered manifolds, which were constructed by Montesinos’s trick, can in fact be obtained by Dean’s
construction. We extend Dean’s construction slightly, in order to include surgeries producing Seifert
fibered manifolds with orbit surface a projective plane and two exceptional fibers, and we show an
infinite family of hyperbolic knots having that kind of surgery.  2002 Elsevier Science B.V. All
rights reserved.
AMS classification: 57M25; 57N10
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1. Introduction
Let k be a knot in S3, denote by k(r) the manifold obtained by doing Dehn surgery on k
with slope r , i.e., k(r) is the manifold obtained by gluing the exterior of k,
E(k)= S3 − intN(k),
and a solid torus, in such a way that a meridian of the attached solid torus is glued to a
curve of slope r on ∂E(k).
If k(r) is a Seifert fibered manifold, then its orbit surface is a sphere or a projective plane.
If k is a torus knot then all surgeries on k, except one, are Seifert fibered manifolds, these
are classified in [29]. The case when k is an iterated torus knot is studied in [15], and when
k is a satellite knot this is done in [22,23]; in particular, in [23] all satellite knots which have
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a surgery producing a Seifert fibered manifold over the projective plane are determined. If
k is not a torus knot, nor a satellite knot, then by known results of Thurston [34] k is an
hyperbolic knot, and all but finitely many surgeries on k produce hyperbolic manifolds. So
only finitely many surgeries on k can be Seifert fibered manifolds or toroidal manifolds,
i.e., manifolds that contain an incompressible torus. In this paper we are mainly concerned
about hyperbolic knots.
Let k be an hyperbolic knot such that k(r) is a Seifert fibered manifold. If k(r) has an
essential torus, then by [6] we have that ∆(r,µ) = 1, where µ is a meridian of k, and ∆
denotes the intersection number of two slopes. If the orbit surface of k(r) is a projective
plane, then k(r) contains a Klein bottle, and by [17] it follows that ∆(r,µ)= 1. If k(r) is a
lens space, then ∆(r,µ)= 1 [9]. If k(r) has finite fundamental group, then ∆(r,µ) 2 [5].
Finally, if k(r) is a Seifert fibered manifold over the sphere with 3 exceptional fibers, then
nothing is known about the slope r , but it is expected that ∆(r,µ) = 1. See [16] for a
survey on Dehn surgery on knots, and [21] for a list of problems in this theory.
Dean has described a construction which produces knots that have a Seifert fibered
manifold surgery [10]. This is a generalization of the construction given by Berge
which produces knots with lens spaces surgeries [1]. Most of the knots coming from
this construction are hyperbolic, the ones which are not are determined in [25]. We
extend Dean’s construction slightly, in order to include surgeries producing Seifert fibered
manifolds with orbit surface a projective plane and two exceptional fibers. A similar
approach is done in [25].
Many examples of hyperbolic knots with exceptional surgeries have been produced
using the Montesinos trick. Roughly speaking, it is as follows: Let (B, t) be a 2-string
trivializable tangle, i.e., a tangle which can be summed with a rational tangle to produce
the trivial knot. The double branched cover of (B, t) is then the exterior of a knot K in S3,
called the covering knot of the tangle, which may be an hyperbolic knot. Suppose that by
summing the tangle (B, t) with a rational tangle we get a link k which is a sum of non-
trivial tangles, or it is a Montesinos link. Now by doing certain Dehn surgery on K , we
get the double branched cover of k, which is then a toroidal manifold or a Seifert fibered
manifold, hence non-hyperbolic.
One purpose of this paper is to show that all known examples of hyperbolic knots
producing Seifert fibered manifolds, which were constructed by Montesinos’s trick, can
in fact be obtained by Dean’s construction. To do that, we translate such construction to
tangles, and give conditions on a tangle which ensure that it will have a sum with a rational
tangle which produces a Montesinos link. It follows that the covering knot of such tangle
can be expressed by Dean’s construction. Conversely, if a knot satisfies Dean’s conditions,
we show that it is the covering knot of a tangle satisfying our conditions. This is done in
Section 3. With this method it can be proved that the examples given in [5,4] and the ones
given in this paper, can be obtained by Dean’s construction.
Another goal of this paper is to produce as many as possible hyperbolic knots with a
Seifert fibered manifold surgery, by using Montesinos trick. To get infinitely many of such
knots we do the following: Take a Montesinos link k which is formed by unknown rational
tangles, say A, B and C, and add a band to k, getting a knot k0. The complement of
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the band determines a 2-string tangle (B, t), such that k and k0 are obtained by summing
(B, t) with certain rational tangles. Now try to find for which values of the rational tangles
A, B , C, the knot k0 is trivial. This is something like solving a tangle equation. Experience
suggest that if such equation has a solution, then it is not too complicated, i.e., the band
which unknots the Montesinos knot k is somewhat simple. Perhaps all the hyperbolic knots
having a Seifert fibered surgery can be constructed from a finite set of equations. Here we
solve 3 of such equations. However, we have not produced all the hyperbolic knots with
a Seifert fibered manifold surgery, for all the knots constructed here have at least 2 non-
hyperbolic surgeries, but Dean has found knots with only one exceptional surgery, for
example, the twisted torus knot K(9,2,5,1).
We solve in Section 4 one equation, which produce infinitely many hyperbolic knots
which have a surgery producing a Seifert fibered manifold over the projective plane with
two exceptional fibers. It seems that no such examples were known before. These knots
have another exceptional surgery, which produces a Seifert fibered manifold over the
sphere with at most 3 exceptional fibers, which in some cases is a Lens space. Most of these
knots also contain a closed incompressible surface of genus 2. In [13] some constructions
are given of tunnel number one knots, whose complements contain a closed incompressible
surface. It would be interesting to determine if the knots described here can be obtained by
one of the constructions of that paper.
Gordon and Luecke have announced a construction of hyperbolic knots which have a
surgery producing a Seifert fibered manifold over the projective plane with two exceptional
fibers. Their examples also contain a closed incompressible surface of genus 2. Their
method is different, but possibly the knots obtained by them are a subfamily of our knots.
We remark that there is no known example of an hyperbolic knot producing a Seifert fibered
manifold over the sphere (RP2) with 4 (3) exceptional fibers.
In Section 5 another equation is solved, which produces the knots k(,m,n,p) defined
in [11]; this is a collection of hyperbolic knots having a half-integral toroidal surgery
and two integral Seifert fibered surgeries. We also prove some properties of the knots
k(,m,n,p), which extend the results of [11]. In Section 6 we solve another equation,
which produce infinitely many knots having 3 exceptional integral surgeries, one is a
Seifert fibered manifold and two are toroidal manifolds.
We prove that the knots k(,m,n,p) are fibered knots; this follows from an explicit
description of such knots. It would be interesting to determine which of the knots
constructed here are fibered knots. We remark that there exist some non-fibered knots
which have a Seifert fibered Dehn surgery, for example, it is proved in [7] that every twist
knot has a Seifert fibered surgery, but these knots, except from the trefoil knot and the
figure eight knot, are not fibered.
It is conjectured by Miyazaki and Motegi [24] that if a Seifert fibered manifold is
obtained by surgery on a hyperbolic knot, then there is a fiber of such space which lies
in the complement of the knot, and it is a trivial knot in S3. All known examples seems to
satisfy the conjecture, and it is shown in [24] that the knots k(,m,n,p) satisfy it. It can
be proved that all the knots constructed in this paper also satisfy the conjecture.
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2. Preliminaries
An n-string tangle (B, t) is a pair that consist of a 3-ball B and n disjoint arcs t properly
embedded in B , and possibly some simple closed curves. (B, t) is a trivial tangle if there
is an homeomorphism of pairs from (B, t) to the tangle (D2 × I, {x1, . . . , xn} × I) where
D2 is the unit disk in R2 and x1, . . . , xn are distinct points in the interior of D2.
Let B1 be the unit ball in R3, and let a, b, c, d , be four points in ∂B1 lying in the lines
Y =Z, X = 0 and Y =−Z, X = 0.
A 2-string tangle (B1, t) is a rational tangle if it is a trivial tangle, and t ∩
∂B1 = {a, b, c, d}. Two rational tangles (B1, t), (B1, t ′) are equivalent if there is an
homeomorphism of pairs h : (B1, t)→ (B1, t ′) such that h|∂B1 = id.
There is a natural one to one correspondence between rational tangles and Q ∪ {1/0}
(see [26,30]). Denote by R(p/q) the rational tangle determined by p/q ∈Q∪ {1/0}.
Each rational tangle can be expressed by a sequence of integers [a1, a2, . . . , an], so
that when n is odd, the tangle is as in Fig. 1(a), shown there for [−3,−2,2], and when
n is even it is as in Fig. 1(b), shown there for the sequence [−3,−2,2,3]. Denote by
R(a1, a2, . . . , an) the associated rational tangle. From this sequence the corresponding
rational number is obtained by the continued fraction
p
q
= an + 1
an−1 + 1···+ 1a1
.
A Montesinos tangle is a 2-string tangle which is a partial sum of rational tangles, as
in Fig. 2(a). A Montesinos-m tangle is a Montesinos tangle together with a simple closed
curve, as in Fig. 2(b). A Montesinos(-m) knot or link is the denominator of a Montesinos
(-m) tangle, as in Fig. 6(a) (Fig. 6(b)).
Let (B, t) be a 2-string tangle. Assume that B is a 3-ball in S3 = R3 ∪ {∞}, which is
the complement of the unit ball B1, and assume that t ∩ ∂B = {a, b, c, d}. A slope s in
∂B is a class of isotopy of simple closed curves on ∂B − t , which separate ∂B into two
disks, each meeting t in two points. Slopes in ∂B are in one to one correspondence with
rational tangles in B1. So denote by R(s) the rational tangle corresponding to the slope s.
Let ts = (B, t) + R(s) be the knot or link formed by the union of the strings of the two
Fig. 1.
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Fig. 2.
tangles. The distance between two slopes r and s on ∂B is defined to be ∆(r, s)= 12 |r ∩ s|,
where the intersection between the curves is supposed to be minimal.
We say that a 2-string tangle (B, t) is trivializable if it can be summed with a rational
tangle to produce the trivial knot. For such tangle assume, without loss of generality, that
the rational tangle which produce the trivial knot is the tangle corresponding to 1/0, which
consists of two vertical lines. Denote by µ the slope on ∂B determined by the tangle 1/0.
Suppose (B, t) is a trivializable tangle. So tµ = (B, t)+R(µ) is the trivial knot. Let M
be the double branched cover of the knot tµ; this is S3, for tµ is the trivial knot. LetK be the
lift of the rational tangleR(µ), this is a solid torus, its core is a knot in S3, which is denoted
by Kt . The exterior of Kt double branch covers (B, t). We say that Kt is the knot covering
of (B, t). If r is a slope in ∂B , its lift in E(Kt ) is a slope in ∂E(Kt) denoted also by r . The
lift of the slope µ is a meridian of Kt . Note that the distance between two slopes r, s on ∂B
is the same as the distance between the corresponding slopes on ∂E(Kt). By doing Dehn
surgery on Kt with slope r , we get a manifold Kt(r) which double branch covers tr [27].
(Note that by our convention on rational tangles, if a slope r on (B, t) corresponds to the
number p/q , then the slope r on E(Kt) corresponds to −p/q .)
3. Seifert fibered manifolds obtained by Dehn surgery on knots
Dean’s construction, which produces knots having a Seifert fibered manifold Dehn
surgery, is here briefly explained. Let H be a genus 2 handlebody, and α a simple closed
curve lying on ∂H . Denote byH [α] the manifold obtained by adding a 2-handle toH along
the curve α. We say that α is primitive in H if H [α] is a solid torus. We say that α is Seifert-
fibered in H if H [α] is a Seifert fibered manifold over the disk with 2 exceptional fibers.
Equivalently, we say that α is primitive in H if it is part of a basis for the free group π1(H),
and α is Seifert-fibered if it represents a word w in the free group π1(H) = 〈x, y〉, such
that 〈x, y | w〉 ∼= 〈a, b | ambn〉, for some integers m,n, both non-zero. It is shown in [10]
that both definitions are equivalent. In order to cover all the examples shown in this paper,
we need to extend Dean’s construction. We say that a curve α in ∂H is Seifert-fibered-m,
if H [α] is a Seifert fibered manifold over the Möbius band with one exceptional fiber.
Let H be a genus 2 handlebody embedded in S3 in a standard way, its complement is
then another handlebody H ′. Let k be a knot lying on ∂H . This embedding of k in H
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determines a slope r on k, called the surface slope, which is given by the intersection of
the boundary of a regular neighborhood of k with the surface ∂H . It is not difficult to see,
as it is observed in [10], that k(r)=H [k] ∪∂ H ′[k].
We say that k is primitive/Seifert-fibered, denoted p/S if it is primitive in H and Seifert-
fibered in H ′. Similarly we define k to be primitive/primitive (p/p), primitive/Seifert-
fibered-m (p/Sm), etc.
Clearly, if k is p/p, then k(r) is a lens space, where r is the surface slope. If k is
p/S, then k(r) is a Seifert fibered manifold over the sphere with at most 3 exceptional
fibers, or perhaps a connected sum of two lens spaces. If k is p/Sm, then k(r) is a Seifert
fibered manifold over the projective plane with at most 2 exceptional fibers. If k is S/S
(or S/Sm), then k(r) is a graph manifold, or perhaps a Seifert fibered manifold over the
sphere (RP2) with at most 4 (3) exceptional fibers. Finally note that by homological reasons
there is no knot which is Sm/Sm. If M is a Seifert fibered manifold over RP2 with at least 2
exceptional fibers then it can be seen also as a Graph manifold, where the pieces are Seifert
fibered manifolds over the disk. In Section 4 we show examples of knots which are both
S/S and p/Sm. It would be interesting to have an example which is p/Sm, but it is not
S/S.
Let (B, t) be a 2-string tangle. Let S be a disk properly embedded in B , which intersects
t transversely in four points, none on the boundary of t . Let s = ∂S, and assume s is
nontrivial on (∂B, ∂t), so s bounds two disks in ∂B , say D1, and D2, each one of them
meets t in two points.
Now S ∪D1 and S ∪D2 are spheres bounding 3-balls B1 and B2 which are contained
in B . These balls determine 3-string tangles (B1, t1) and (B2, t2), where t1 = B1 ∩ t and
t2 = B2 ∩ t . Adding a rational tangle to (B, t), of slope s, and capping off S with a disk
contained in such rational tangle, a knot or link of two components ts and a sphere Ŝ are
obtained. Ŝ and ts meet in four points, so Ŝ splits ts into two 2-string tangles (B̂1, tˆ1) and
(B̂2, tˆ2).
We say that S determines a splitting rational/Montesinos (r/M) of the tangle (B, t) if:
(1) Both (B1, t1) and (B2, t2) are 3-string trivial tangles;
(2) (B̂1, tˆ1) is a trivial tangle;
(3) (B̂2, tˆ2) is a Montesinos tangle of length 2, i.e., it is the partial sum of 2 rational
tangles.
Similarly we define the splitting to be rational/rational (r/r), or Montesinos/ Montesinos
(M/M). We define the splitting rational/Montesinos-m (r/Mm) if (B̂2, tˆ2) is a Montesinos-
m tangle of length 1. So if the splitting of (B, t) is of type r/r , then ts is a 2-bridge knot or
link, if it is of type r/M or r/Mm then ts is a Montesinos or Montesinos-m link of length at
most 3, or possibly a composite link; and finally if the splitting is of type M/M or M/Mm
then ts is 2-string composite, as it is the sum of two Montesinos(-m) tangles or possibly it
is a Montesinos(-m) link.
Suppose now that the tangle (B, t) is trivializable, and the slope µ which trivializes it,
satisfies that ∆(s,µ) = 1. Let Kt be the knot covering of (B, t). Denote by s and µ the
lifts of the slopes s and µ of ∂B . µ is a meridian of Kt , and s is an integral slope. The lifts
of the tangles (B1, t1) and (B2, t2) are genus 2 handlebodiesH1 and H2. Hi meets ∂N(Kt)
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in one longitudinal annulus, so Kt can be considered to lie on ∂Hi . So we assume that
S3 =H1 ∪H2, where H1 ∩H2 = ∂H1 = ∂H2, and Kt is a knot lying in ∂H1. Note that the
surface slope of Kt in H1 is the slope s. Then
Kt(s)=H1[Kt ] ∪∂ H2[Kt ].
The manifold Kt(s) double branches covers ts . The link ts is divided by the sphere Ŝ
into two tangles (B̂1, tˆ1) and (B̂2, tˆ2). The torus ∂H1[Kt ] double branch covers the sphere
Ŝ and Hi[Kt ] double branch covers the tangle (B̂i , tˆi ), i = 1,2. Now if the tangle (B̂i , tˆi )
is a rational tangle then Hi[Kt ] must be a solid torus; if the tangle (B̂i, tˆi ) is a Montesinos
tangle of length 2, then Hi[Kt ] will be a Seifert fibered manifold over the disk with two
exceptional fibers. Finally if the tangle is Montesinos-m, then Hi[Kt ] is a Seifert fibered
manifold over the Möbius band with one exceptional fiber. This implies the following.
Proposition 3.1. Let (B, t) be a trivializable tangle, and let Kt be the covering knot. If the
tangle (B, t) admits a decomposition r/r , r/M , r/Mm, M/M , or M/Mm for the slope s,
∆(s,µ)= 1, then Kt is p/p, p/S, p/Sm, S/S, or S/Sm, respectively, with surface slope s.
It is proved in [10] that any knot which is primitive with respect to an unknotted genus
two handlebody in S3 has tunnel number 1. A similar argument shows the following.
Proposition 3.2. Let k be a knot which admits a decomposition p/p, p/S or p/Sm, then
k is the covering knot of a trivializable tangle (B, t), which has a decomposition r/r , r/M
or r/Mm, respectively.
Proof. Suppose k ⊂ ∂H is primitive in H . As H [k] is a solid torus, Jaco’s addition
Lemma [20] implies that there is a compression disk D for ∂H disjoint from k. By cutting
H alongD we get one or two solid tori, depending if D is separating or not. k is a longitude
in one of the solid tori, for otherwise a punctured lens space would be contained in H [k].
It is not difficult to see that there is an involution on H , such that the set of fixed points
consists of three properly embedded arcs, where two of them have an endpoint lying on k.
It follows from [3] that this involution can be extended to H ′. So k is a strongly invertible
knot. The quotient of the exterior of k under the involution can be seen as a trivializable
tangle. As in [27], the involution can be extended to each of H [k] and H ′[k], in each case
the set of fixed points consists of two embedded arcs, and possibly a simple closed curve.
H and H ′ must cover 3-string trivial tangles. H [k] must cover a 2-string trivial tangle, for
it is a solid torus.
If H ′[k] is a Seifert fibered manifold over the disk with two exceptional fibers, or over
the Möbius band with one exceptional fiber, then by [33], k(r) has a fibration which
is preserved by the involution. From this follows that H ′[k] double branch covers a
Montesinos or Montesinos-m tangle. Therefore (B, t) has a decomposition r/r , r/M or
r/Mm, depending if k is p/p, p/S or p/Sm. ✷
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4. Examples of Seifert fibered manifolds surgeries
Consider the tangle T = T (A,B) shown in Fig. 3(a), where A and B denote certain
still undetermined rational tangles. Note that T + R(0) is a Montesinos-m link, and then
T +R(µ) is a certain knot which is obtained by adding a band to the Montesinos-m link.
Lemma 4.1. T (A,B) + R(µ) is the trivial knot if and only if A and B are one of the
following, where ,n,p are integers:
(1) A=R(n,−3,−,2,1) and B =R(),
(2) A=R(−,2,1) and B =R(p,−3, ).
Proof. We make a pictorial proof. The knot tµ = T +R(µ) is isotopic to the knot shown in
Fig. 4(a), where A and A1 are related as shown in Fig. 4(b). So tµ looks like a Montesinos
knot. In order for tµ to be trivial, one of A1 or B must be an integral tangle.
Case 1. B =R(), pictured by B =  .
Then the equation reduces to that of Fig. 4(c), where A1 and A2 are related as in
Fig. 4(d). As A2 is a rational tangle, it has to be as in Fig. 4(e). From this we deduce
that A has to be as in Fig. 4(f).
Case 2. A1 =R(−).
By a similar argument we get that A and B must be like in Fig. 4 (g) and (h). ✷
Lemma 4.2. The tangle T (A,B) has the following properties:
(1) T is M/M and r/Mm with respect to the slope 0.
(2) T is r/M with respect to the slope 1.
Proof. (1) The spheres S1 and S2 that realize the decompositions are shown in Fig. 3(b).
(2) T (A,B) + R(1) is isotopic to the knot shown in Fig. 3(c), which looks like a
Montesinos link. The dotted line denotes the image of the filled tangle. The sphere S3
in the figure realizes the r/M decomposition. ✷
Fig. 3.
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Fig. 4.
If one of A or B is of the form R(1/q), then T + R(0) will be a Montesinos-m link of
length 1, and then it will not be a sum of nontrivial tangles. In case (1) of Lemma 4.1 this
happens only if = 0,±1, and in case (2) only if = 0, or (,p) = (±1,0), (1,1). From
now on assume that the parameters ,n,p do not take these values.
Let (B, t) a tangle, and S a sphere embedded in B which intersects t transversely. We
say that S is essential if S − t is incompressible in B − t .
Lemma 4.3. There is an essential 6-punctured sphere in T (A,B), except when (, n,p)=
(1,0,p), (2,0,p), or when the parameter take one of the forbidden values.
Proof. Note that the tangle T (A,B) is isotopic to the tangle shown in Fig. 5(a). Let S be
the sphere shown in Fig. 5(a), which intersects the strings of T in 6 points. S divides T
into the tangles shown in Fig. 5 (b) and (c). Now it is not difficult to see that S is essential,
unless the parameters take one of the excluded values. ✷
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Fig. 5.
Let K(,n,0) denote the covering knot of the tangle T (A,B) in case 1 of Lemma 4.1,
and let K(,0,p) the covering knot in case 2. Note that if n= 0 and p = 0, then we get the
same tangles in both cases of Lemma 4.1. So when we write K(,n,p), we are assuming
that one of n or p is 0.
Denote by r the slope on K(,n,p) corresponding to the slope 0 in T (A,B).
Lemma 4.4. The slope r has the following values:
(1) For K(,n,0), r = 122 − 4− 36n2;
(2) For K(,0,p), r = 122 − 4− 4p(3− 1)2.
Proof. This can be calculated by using the Goeritz matrix of an appropriate projection of
the knots T (A,B)+R(x), where x is an integer. A preferred longitude ofK corresponds to
the tangle x such that the first homology of the double branched cover of T (A,B)+R(x) is
infinite cyclic, and this happens when the determinant of the corresponding Goeritz matrix
is 0. ✷
Proposition 4.5. K(,n,p)(r) and K(,n,p)(r − 1) are Seifert fibered manifolds, which
are given by
(1) K(,n,0)(r)= (On1 | (9n− 3+ 1,6n− 2l − n+ 1), (,1)),
(2) K(,n,0)(r − 1) = (Oo0 | (9n− 3− 3n+ 2,−6n+ 2+ n− 1), (3,1), (+
1,−)),
(3) K(,0,p)(r)= (On1 | (3− 1,2− 1), (3p− p− ,3p− 1)),
(4) K(,0,p)(r−1)= (Oo0 | (3−2,1−2), (3,1), (3p+2p−−1,p+−3p)).
Proof. It follows from [26] that if a Montesinos link k is given by a tuple of rational
tangles ((p1, q1), (p2, q2), (p3, q3)), as in Fig. 6(a), then the double branched cover
of k is the Seifert fibered manifold given by (Oo0 | (p1, q1), (p2, q2), (p3, q3)), and
if k is a Montesinos-m link given by the rational tangles ((p1, q1), (p2, q2)), as in
Fig. 6(b), then the double branched cover of k is the Seifert fibered manifold given by
(On1 | (p1, q1), (p2, q2)). The proposition now follows from Lemma 4.1 and Figs. 3(a)
and 3(c). ✷
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Fig. 6.
It is not difficult to see that K(,n,p)(r − 1) is a lens space only in the following cases:
(, n,p)= (−2, n,0), (−1,0,±1), (1,0,p).
It follows from 3.1 and 4.2 that K(,n,p) is p/Sm and S/S for the slope r , and p/S
for the slope r − 1. It can be checked that when K(,n,p)(r − 1) is a lens space, then the
knot is p/p for that slope.
Proposition 4.6. K(,n,p) is an hyperbolic knot.
Proof. The proof is as in [12, 3.2]. If K =K(,n,p) is not hyperbolic, then it is either a
torus knot or a satellite knot. K cannot be a torus knot, for it has a surgery which produces
a manifold containing an incompressible separating torus. If K is a satellite knot, then its
companion must be a torus knot, for K has tunnel number one [28].
Note that there are two spheres P1 and P2, each intersecting the link t0 = T (A,B) +
R(0) in four points, and decomposing it into two non-trivial Montesinos tangles. P1 and
P2 are shown in Fig. 6(c). Let α be an arc with endpoints in t0, which is the core of the
tangle R(µ), i.e., it is the core of the band which unknots t0. Note that α intersects each
of the spheres P1 and P2 in one point. The manifold K(r) has exactly two incompressible
tori, say T1 and T2, which double branch cover the spheres P1 and P2, respectively. The
core kr of the attached solid torus double branch covers the arc α; kr intersects each torus
T1 and T2 twice, and by [12, 1.4] this intersection is minimal. As kr intersects both tori, T1
and T2, it follows that there is no incompressible torus in K(r) disjoint from kr . Therefore,
if there is an incompressible torus T in the complement of K , it must compress in K(r).
So T bounds in K(r), by [31], either a solid torus or the connected sum of a solid torus
and a lens space. The latter is not possible, for K(r) is irreducible and not a lens space. If
the first happens, then K(r) is also obtained by surgery on the companion knot of K , but
this is a torus knot, which is a contradiction. ✷
Proposition 4.7. If (, n,p) = (1,0,p), (2,0,p), then there is a closed incompressible
surface of genus 2 in the exterior of K(,n,p).
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Proof. The lift of the essential sphere S given in Lemma 4.3 is an incompressible surface
of genus 2 in the complement of K(,n,p). ✷
Proposition 4.8. The knots K(,n,p) are obtained by doing Dehn surgery on the
components labeled a, b, of the link shown in Fig. 8. The component labeled k corresponds
to the knot K , and a meridian of k corresponds to a meridian of K .
(1) K(,n,0) is obtained when the surgery coefficients are a = (3− 9n− 1,6n−
2− n+ 1), b = (1− 6, ).
(b) K(,0,p) is obtained when the surgery coefficients are a = (1 − 3,2 − 1),
b= (18p+ 9p+ 6− 1,3p− − p).
Proof. Consider the tangle shown in Fig. 7(a), which is the same as the one in Fig. 3(a), but
the tangleB ′ is the tangleB viewed vertically, so ifB =R(c/d), thenB ′ =R(−d/c). Such
tangle is isotopic to the one shown in Fig. 7(b). By taking double branched coverings, we
get the link shown in Fig. 8. Note that a latitude of the tangle A corresponds to a preferred
longitude of the knot a, and a latitude of B ′ corresponds to a curve (−6,1) on the knot b.
So if A=R(p/q) then the surgery coefficient of a is (−p,q), and if B =R(c/d) then the
surgery coefficient of b is (d − 6c, c). ✷
Fig. 7.
Fig. 8.
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The slopes 0 and 1 of the tangle T (A,B) correspond to the slopes 0 and −1 of the
knot k. However this surgery description is not as good as the one given for the knots in
Section 5, for it does not describe the knots explicitly.
If we choose T (A,B)+ R(1) to be the trivial knot, instead of T (A,B)+ R(µ), then
another family of hyperbolic knots can be obtained. These knots will also have two Seifert
fibered manifold surgeries, corresponding to T (A,B)+R(0) and T (A,B)+R(µ).
5. On the knots k(,m,n,p)
Consider a tangleB = B(A,B,C) as in Fig. 9(a), whereA,B , andC are rational tangles.
Note that B + R(0) looks like a Montesinos link, see Fig. 9(b). We want B +R(µ) to be
the trivial knot.
Note that if B is rotated 180◦ through an horizontal line lying in the plane, then we get
the same tangle with just the positions of the tangles A and B interchanged.
Lemma 5.1. The knot B + R(µ) is the trivial knot if and only if the tangles A, B and C
are one of the following, where , m, n and p are integers:
(1) A=R(), B =R(m,−), C = R(−n,2,m− 1,2,0),
(2) A=R(), B =R(p,−2,m,−), C =R(m− 1,2,0).
Proof. Note that tµ = B + µ is isotopic to the knot shown in Fig. 10(a), which is formed
by the tangles R(1/2), B ′ and C′.
Claim. Either the tangle A or the tangle B is an integral tangle.
Note that tµ is decomposed as a sum of the tangle B ′, and the tangle X =R(1/2)∪C′.
At least one of B ′ or X is a trivial tangle, for otherwise B+µ could not be the trivial knot.
If B ′ is trivial, then one of A or B is an integral tangle, and we are done. If X is trivial,
then C′ must be an integral tangle. Then tµ is a Montesinos knot determined by the rational
tangles X, A and B . Note that X is not an integral tangle, so A or B must be an integral
tangle, for otherwise tµ could not be the trivial knot.
Fig. 9.
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So assume, without loss of generality, that A is an integral tangle, say A= R(). Then
tµ is the Montesinos knot given by (R(1/2),B ′,C′). In order for tµ to be trivial, one of B ′
or C′ must be an integral tangle. The rest of the proof is similar to Lemma 4.1. ✷
Lemma 5.2. The tangle B(A,B,C) has the following properties:
(1) B is r/M with respect to the slope 0.
(2) B is r/M with respect to the slope 1.
(3) B + R(1/2) is a sum of two tangles, one is a partial sum of A and B , the other a
partial sum of C and R(−1/2).
Proof. (1) The sphere S1 realizing the r/M decomposition is shown in Fig. 9(b).
(2) B+R(1) is isotopic to the knot shown in Fig. 10(b), which looks like a Montesinos
link, and the dotted line denotes the image of the filled tangle. The sphere S2 in the figure
realizes the r/M decomposition.
(3) B+R(1/2) is shown in Fig. 9(c). ✷
We want B +R(1/2) as above to be sum of prime tangles. Note that the partial sum of
A and B is a prime tangle if and only if none of A or B is a tangle of the form R(1/n);
and the partial sum of R(−1/2) and C is a prime tangle if and only if C is not an integral
tangle. From Lemma 5.1 it is not difficult to see that those tangles are prime, except in the
following cases:
(1) In case (1) of Lemma 5.1: m = 0, or  = 0,±1, or (,m) = (2,1), (−2,−1), or
(m,n)= (1,0), (−1,1);
(2) In case (2) of Lemma 5.1: m = 0,1, or  = 0,±1, or (,m,p) = (−2,−1,0),
(2,2,1).
In what follows we assume that the parameters ,m,n,p do not take any of these values.
We note that if the parameters take one of the forbidden values, then B is a Montesinos
tangle.
Note that the tangle B(A,B,C) with the solutions given in Lemma 5.1, is precisely the
same as the tangle B(,m,n,p) defined in [11] (but note that in there we had a different
sign convention), however in [11] it was not proved that the tangles B(,m,n,p) were the
only ones satisfying the equation.
Fig. 10.
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Denote by k(,m,n,0) the covering knot of the tangle B(A,B,C) in case (1) of
Lemma 5.1, and k(,m,0,p) the covering knot in case (2) of Lemma 5.1. It is proved
in [11] that k(,m,n,p) is an hyperbolic knot. We remark that if the parameters get some
of the banned values, then k(,m,n,p) is a torus knot.
Let s denote the slope on k(,m,n,p) corresponding to the slope 0 of the tangle
B(A,B,C), and denote by r the slope corresponding to 1/2.
Proposition 5.3. The slopes s, r of the knot k(,m,n,p) have the following values:
(1) for k(,m,n,0), s = (2m− 1)(1− m)+ n(2m− 1)2;
(2) for k(,m,0,p), s = (2m− 1)(1− m)+ p(2m− l − 1)2;
(3) r = (2s − 1)/2.
It follows from Lemma 5.2 that the knots k(,m,n,p) have at least 3 non-trivial
exceptional surgeries. The surgeries correspond to the slopes r , s, and s − 1. These
surgeries can be described explicitly; this is done in the following proposition.
Proposition 5.4. The knots k(,m,n,p) have several exceptional surgeries. All the
incompressible tori obtained after performing the Dehn surgeries described below,
intersect the reglued solid torus in two disks, and divide the corresponding manifold into
two Seifert fibered manifolds with orbit surface a disk and two exceptional fibers.
(1) k(,m,n,0)(r) is a toroidal manifold. The pieces are given by ((,−1), (m +
1,m)) and ((2,−1), (4nm+ 2m+ 1,2nm+ n+m+ 1)).
(2) k(,m,n,0)(s)= (Oo0 | (1,2), (− 1,1), (m+m− 1,−m), (2nm−m− n+
1,2n− 1)).
(3) k(,m,m,0)(s − 1)= (Oo0 | (1,−2), (2nm+ n−m,2n− 1), (+ 1,1), (m−
m+ 1,m)).
(4) k(,m,0,p)(r) is toroidal, the pieces are given by ((,1), (2mp − m − p −
2p+ 1,−2mp+m+ p)) and ((2,1), (2m− 1,1−m)).
(5) k(,m,0,p)(s)= (Oo0 | (− 1,1), (m− 1,1), (2mp− m− p+ 2mp−m−
3p+ 1,−2mp+m+ p)).
(6) k(,m,0,p)(s − 1) = (Oo0 | (1,−2), ( + 1,1), (m,1), (2mp − 2mp − m −
p+m− p+ 1,−2mp+m+ p)).
Furthermore we have the following surgeries:
(7) For m = −1, (m,n) = (2,0), k(2,m,n,0)(s+1) is a toroidal manifold, the pieces
are given by ((3,1), (2,−1)) and ((1,2), (m,−1), (n+m− 2nm− 1, 1− 2n)).
(8) k(2,−1, n,0)(s + 1)= (Oo0 | (3,1), (2,−1), (7n− 5,2− 3n)).
(9) For l = −2, k(,−1,0,p)(s − 2) is a toroidal manifold, the pieces are given by
((+ 1,1), (2,−1)) and ((+ p− 3p,3p− 1), (2,−1)).
(10) k(−2,−1,0,p)(s − 2)= (Oo0 | (2,−1), (3,2), (7p− 2,3p− 1)).
(11) k(2,−1, n,0)(s+2) is a toroidal manifold, the pieces are given by ((2,1), (3,−1))
and ((2,1), (3n− 2, n− 1)).
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Proof. (1)–(6) follow from Figs. 9, 10, Lemma 5.1 and [26]. (7)–(11) follow from Figs. 9–
11 in [11]. ✷
It follows from Proposition 3.1, Lemma 5.2, Figs. 9, 10 and the figures in [11], that the
knots k(,m,n,p) are p/S or S/S for all the integral surgeries considered in Proposi-
tion 5.4.
The above surgeries in the knots k(,m,n,p) are all the exceptional surgeries we
have found in those knots, up to the equivalences proved in [11], namely, the mirror
image of the knot k(,m,n,0) is the knot k(−,−m,1 − n,0). The mirror image of
the knot k(,m,0,p) is the knot k(−,1 − m,0,1 − p). Furthermore k(,±1, n,0) =
k(−± 1,±1, n,0) and k(2,−1, n,0)= k(−3,−1, n,0)= k(2,2,0, n).
It is not difficult to check that k(,m,n,p)(s) is a lens space only in the fol-
lowing cases: (,m,n,p) = (2,m,n,p), (−3,−1, n,0), (−2,−2, n,0), (,1,±1,0),
(,2,0,p), (−2,−1,0,±1). k(,m,n,p)(s− 1) is a lens space only when: (,m,n,p)=
(−2,m,n,p), (,−1,0,p), (,−1,2,0), (,−2,1,0), (2,2, n,0), (3,1, n,0), (2,3,0,1),
(3,2,0,1), (2,2,0,2).
It is proved in [17] that if k is an hyperbolic knot and k(r) has an essential torus then
∆(r,µ)  2; and it is proved in [18], that if ∆(r,µ) = 2, then there is an essential torus
which meets the surgered solid torus in two disks. It is proved in [19] that a knot has at
most one non-integral toroidal surgery. It is also proved in [18], that if k is an hyperbolic
knot and k(r) is a toroidal manifold with ∆(r,µ) = 2, then k is a strongly invertible
knot, and the essential torus in k(r) intersecting the attached solid torus in two disks is
equivariant (for the extension of the involution to k(r)). This implies that k is the covering
knot of a trivializable tangle. Lemma 5.1 can be seen as a first step in determining all
Fig. 11.
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hyperbolic knots having a half-integer toroidal surgery. It would remain to prove that the
tangle corresponding to any such knot satisfies the model of Fig. 9(a).
The knots k(,m,n,p) are constructed explicitly is [11], this is given by a surgery
description. The knot k(,m,n,p) is obtained from the trivial knot k1 by doing surgery
on the knots J, J−, Jm,J−m and Jn or Jp shown in Fig. 11.
The curves J and J− bound an annulus L, which intersects the trivial knot k1 in one
point. Note that the boundary of L on a neighborhood of J is a preferred longitude of J,
similarly for J−. Similarly, the curves Jm and J−m bound an annulus M , which is disjoint
from k, and which intersects L in one arc. ∂M determines slopes on Jm and J−m, which
are homologous to 2µ + λ, where µ is a meridian and λ a preferred longitude of Jm or
J−m. Note that the curves Jn and Jp are disjoint from the annuli L, M .
Proposition 3.1 of [11] has a mistake in one of the surgery coefficients, the correct
description is as follows:
Proposition 5.5. The knot k(,m,n,p) is obtained from the trivial knot k1 by the surgery
description given in Fig. 11, where the symbol i∗, i = l,m, . . . , means that we are
performing Dehn surgery on Ji with slope (1,−i), if i = ,−,n or p, and slope (1−2i, i)
if i =m or −m.
Making ∗-surgery on J, and then −∗-surgery on J−, is equivalent to making  Dehn
twists along the annulus L. Similarly for the annulus M . These observations imply that the
knot k(,m,n,p) is obtained from the trivial knot k1, by performing  Dehn twists along
the annulus L and m Dehn twists along the annulus M , and then by doing n Dehn twists
on the complement of the curve Jn or by doing p Dehn twists on the complement of the
curve Jp . The direction of the positive twists is indicated by the arrows in Fig. 11 [11, 3.2].
Fig. 12.
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Fig. 13.
It may be a little complicated to get from Fig. 11 a picture of a knot k(,m,n,p), but this
can be simplified. In Fig. 12(a) we show a diagram representing a knot k(,m,n,0), in the
case  > 0 andm> 0. In that diagram a line marked with a number, m for example, means
that we take m parallel lines, and a dot marked 1 (or −1) in this line means that we have to
perform a full negative (or positive) twist to the m lines. In Fig. 12(b) it is shown a diagram
representing the knot k(,m,n,0), in the case  > 0 and m< 0. In Fig. 13(a) we represent
the knot k(,m,0,p) in the case  > 0 and m> 0, and in Fig. 13(b) the knot k(,m,0,p)
in the case  > 0 and m< 0. Note that those diagrams cover all knots k(,m,n,p), up to
mirror images. From those diagrams we get several properties of the knots.
Proposition 5.6.
(1) The knot k(,m,n,p) is a closed braid in the complement of the curve Jn or Jp ,
with braid index
(1) 2m− 1, if  > 0, m> 0 and p = 0.
(2) 2|m| + 1, if  > 0, m< 0 and p = 0.
(3) 2m− − 1, if  > 0, m> 0 and n= 0.
(4) 2|m| + + 1, if  > 0, m< 0 and n= 0.
(2) k(,m,n,p) can be expressed as a positive or negative braid.
(3) If  > 0, and n = 0,1 or p = 0,1, then the braid index of the knot k(,m,n,p) is
the same of the braid index of it as a closed braid in the complement of Jn or Jp ,
given by (1).
(4) Every knot k(,m,n,p) is a fibered knot.
Proof. (1) This follows from Figs. 12 and 13.
(2) When n 0 (respectively p  0), it follows immediately from Fig. 12 (Fig. 13), that
the braid is positive (negative). When n > 0 (p < 0) it is not difficult to see, by giving one
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positive (negative) twist to the diagrams, that the positive (negative) crossings cancel out
with the negative (positive) ones introduced by the twisting, giving a negative (positive)
braid.
(3) Note that if p = 0 and n = 0,1, or if n = 0 and p = 0,1, then k(,m,n,p) is
expressed as a very positive (or negative) braid, i.e., it is a braid of the form a∆, where a
is a positive (negative) braid and ∆ denotes a full negative (positive) twist of all the strings
of the braid (but note that ∆ is a positive (negative) word). It follows from [14, 2.4] that if
a knot is expressed as a very positive (negative) braid of index N , then its braid index is N .
(4) This follows from (2), and from a result of Stallings [32]. ✷
Finally, as K = k(,m,n,p) is a fibered knot, then 2g(K) = degree(∆K(t)), where
∆K(t) denotes the Alexander polynomial and g denotes the genus of a knot [8, 8.16].
As K is a positive (or negative) knot it follows from a result of Bureau [2, 2.10] that
degree(∆K(t))= C −N + 1, where C denotes the sum of exponents of the positive braid,
and N is the index of the braid, so g(K)= (C −N + 1)/2. It is then easy to calculate the
genus of any knot k(,m,n,p).
6. More examples of knots with exceptional surgeries
In this section we sketch the solutions of another equation. Consider the tangle
Q(A,B,C) shown in Fig. 14(a). Note that Q+R(µ) and Q+R(0) look like Montesinos
links, while Q+ R(−1) and Q+ R(−2) look like a sum of two Montesinos tangles, see
Figs. 14 and 15. If Q+ R(µ) is the trivial knot, the solutions would produce knots with
3 exceptional surgeries, one being a Seifert fibered manifold, and two producing toroidal
manifolds. Note that the tangleQ(A,B,C) is somehow the same as the tangle B(A,B,C)
of Section 5, but a different filling is chosen to be the trivial knot.
Let A = R(α1/β1), B = R(α2/β2) and C = (α3/β3), where αi,βi are relative prime
integers. Suppose that αi/βi = 1/0,0,1,2 for i = 1,2, and α3/β3 = 1/0,0,±1,−1/2, for
in this cases Q is a trivial or a Montesinos tangle.
Lemma 6.1. Q+R(µ) is the trivial knot if and only if one of the following cases occurs:
(1) α3/β3 = 1/n, and nα1α2 + α1β2 + β1α2 =±1;
(2) α1/β1 = 1/p, and pα2α3 + α2β3 + β2α3 =±1.
Proof. kµ =Q+R(µ) is shown in Fig. 14(b). In order for kµ to be trivial, one of A, B or
C must be of the form R(1/n). The role of A and B is symmetric, so there is no loss of
generality in assuming that A or C are of that form. It follows from [26] that the αi and βi
must satisfy the required conditions. ✷
Lemma 6.2. The tangleQ(A,B,C) has the following properties:
(1) Q is r/M with respect to the slope −1. Q+R(−1) is the Montesinos link given by
((α1 − 2β1, β1), (α2 − 2β2, β2), (α3 + β3, β3)).
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Fig. 14.
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(2) Q is M/M with respect to the slope 0. Q + R(0) is a sum of Montesinos tangles
given by ((α1 − β1, β1), (α2 − β2, β2)) and (−2, (−β3, α3)).
(3) Q is M/M with respect to the slope −2.Q+R(−2) is a sum of Montesinos tangles
given by ((−β2, α2), (β1,2β1 − α1)) and (−2, (β3 + 2α3, β3 + α3)).
Proof. (1) follows from Fig. 14(c), the sphere S realizing the r/M decomposition is also
shown.
(2) and (3) follow from Fig. 15 (a) and (b), respectively. ✷
Denote by K(A,B,C, i) the covering knot of Q(A,B,C) in case i = 1,2, of
Lemma 6.1. Denote by u the slope on K corresponding to the slope −1 in Q. It follows
from Lemma 6.2 that K(u) is a Seifert fibered manifold, and K(u ± 1) are toroidal or
in some cases Seifert fibered manifolds. The Seifert invariants can be calculated from
Lemma 6.2. It follows that in all cases the knots obtained are p/S or S/S.
It is easy to prove that most of the knots K(A,B,C, i) are hyperbolic. In fact, if one of
K(u±1) is a toroidal manifold, then a proof as in 4.6 can be done. Some difficulties appear
when bothK(u±1) are Seifert fibered. As ∆(u+1, u−1)= 2, it follows from [22] thatK
cannot be a satellite knot which is not cabled once. If K is a cable but not a torus knot, then
by [15], K(u) must be a reducible manifold, and so Q+R(−1) must be a composite link,
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but this happens only if A = R(2), B = R(2) or C = R(−1) which have been excluded.
Finally, to see that K is not a torus knot, we can look at the orders of the exceptional fibers
in K(u− 1), K(u) and K(u+ 1), and compare to these of manifolds obtained by surgery
on torus knots [29], to see that they do not coincide.
Proposition 6.3. The knots K(A,B,C, i) are obtained by doing Dehn surgery on the
components labeled a, b, c of the link shown in Fig. 17. The component labeled k
corresponds to the knot K, and a meridian of k corresponds to a meridian of K.
(1) K(A,B,C,1) is obtained when the surgery coefficients are a = −α1/β1, b =
−α2/β2 and c= n.
(2) K(A,B,C,2) is obtained when the surgery coefficients are a =−1/p, b =−α2/β2
and c= β3/α3.
Proof. Consider the tangle shown in Fig. 16(a), which is the same as in Fig. 14(a), but
the tangle C′ is the tangle C viewed vertically. Such tangle is isotopic to the one shown in
Fig. 16(b). By taking double branched coverings, we get the link shown in Fig. 17. Note
Fig. 16.
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that a latitude of the tangles A, B or C′ corresponds to a preferred longitude of the knots
a, b or c. ✷
The slopes 0, −1, −2 of the tangle Q correspond to the slopes −2, −1, 0 of k in
Fig. 17. The knots k(,m,n,p) can also be obtained from the link in Fig. 17. The
surgery coefficients are a = −A + 1, b = −B + 1, and c = 1/C, where A, B , C are
as in Lemma 5.1, case (1) or (2). But in this case the meridian of the knot k(,m,n,p)
correspond to the curve of slope 0 on k.
It is interesting to note that the link in Fig. 17 is the mirror image of the link given in
Figs. 1, 2 and 3 of [5].
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